It is widely known that star clusters, during their evolution, undergo mass segregation, which leads the most massive stars to move on orbits which shrink in time due to the action of the dynamical friction process. As a consequence, the innermost region of the cluster will be populated mainly by the heaviest stars. In this context, recent observations and dynamical modelling of several galactic and extra-galactic globular clusters (GCs) seem to suggest that most of them may contain, close to their centre, an overabundance of mass whose nature is still matter of debate. Many works showed that orbitally segregated stars may collide each other in a runaway fashion, leading to the formation of a very massive star or an intermediate mass black hole (IMBH). However, it is still not clear whether a single, compact object is required to explain the observed mass excess. Indeed, in the case in which collisions among stars are suppressed, the orbitally segregated population of stars may form a dense system, whose mass can be high enough to emerge over the background. In this framework, in this paper we study the early formation phase of a dense, massive sub-system (MSS) in several GCs models by means of a recently developed, semi-analytical method to describe the mass segregation process. In order to investigate how the MSS properties depend on the host cluster properties, we varied initial mass function (IMF), total mass, spatial distribution and metallicity of our models. Our results show that the IMF contributes significantly to determine the final mass of the MSS, while the metallicity and the spatial distribution of stars are less important. The method presented in this paper allowed us to provide scaling relations which connect the MSS mass and the mass of the host cluster, showing that they agree pretty well with the observed correlation. To support our statistical results, we performed two direct, one-to-one N -body simulations of massive clusters (M > 10 5 M ⊙ ) in order to follow the early phase of formation of the MSS.
INTRODUCTION
Recently, a number of observations at high resolution of globular clusters (GCs) showed that many of them seem to contain, within their innermost regions, much more mass then expected from earlier observations. Tipically, an overabundance of mass within the host cluster centre is argued from the presence of a steep rise in the projected velocity dispersion or in the projected luminosity profile (van der Marel & Anderson 2010; Noyola et al. 2010) .
⋆ E-mail: m.arcasedda@gmail.com Many authors suggested that these mass excesses can be ascribed to the presence, close to the cluster centre, of an intermediate mass black hole (IMBH) or a very massive star (VMS), with a mass in the range M ∼ 10 2 −10 4 M⊙. For instance, observations and modelling of the cluster M15 seem to be consistent with the presence of a single central object (Gerssen et al. 2002; den Brok et al. 2014) . Furthermore, hints for IMBHs candidates have been found also in other GCs in the Milky Way (Noyola et al. 2008; Feldmeier et al. 2013) , and in extra-galactic systems (see for example Mapelli et al. (2008) ), as in the case of the cluster G1 in M31 (Gebhardt et al. , 2005 Miller-Jones et al. 2012) , or the young massive cluster in the M82 irregular galaxy (Kaaret et al. 2001; Matsumoto et al. 2001; Usuda et al. 2001) .
Several mechanisms have been proposed for the birth and growth of IMBHs. For instance, Miller & Hamilton (2002) pointed out that a stellar BH seed may grow slowly through occasional collisions and merging with other stars.
Another possibility relies upon the mass segregation process, driven mainly by dynamical friction (df), which leads to an accumulation of mass within the cluster centre in form of orbitally decayed stars. In such a case, the most massive stars tend to concentrate toward the centre of the cluster, while the lighter component moves outward in an attempt to establish energy equipartition. As the mass segregation proceeds, the heaviest stars lose kinetic energy and reach the innermost region of the cluster, where they form a dense, contracting nucleus (Spitzer 1969; Heggie & Hut 2003; Binney & Tremaine 2008) .
In this framework, some authors suggested that the shrinking nucleus collapse in a fraction of the relaxation time-scale (Portegies Zwart & McMillan 2002; Gürkan et al. 2004) , facilitating a phase of runaway collisions among stars, leading to the formation of an IMBH (Portegies Zwart et al. 1999 Goswami et al. 2012; Lützgendorf et al. 2015) , which may shape significantly the dynamical evolution of the host cluster Leigh et al. 2014) .
On the other hand, several works highlighted that the observational evidence of a compact object in the centre of GCs can be interpreted as a dense, massive sub-system composed of dark remnants of heavy stars (Baumgardt et al. 2003; van der Marel & Anderson 2010; Haggard et al. 2013; Lanzoni et al. 2013; Kamann et al. 2014) . In this case, the formation of binaries efficiently halts the contraction of the nucleus, preventing the formation of a VMS (or an IMBH). The evolution of the resulting sub-system of stars, which we refer to as MSS, will be likely dominated by two and three-body interactions (Baumgardt et al. 2003; Trani et al. 2014) .
A great effort toward the understanding of IMBHs formation and growth will likely come from the next generation of space-based gravitational waves (GWs) observatories, as the eLISA satellite (Amaro-Seoane AmaroSeoane et al. 2009; Mapelli et al. 2010 ) but, currently, it is quite hard to discriminate between an IMBH and a MSS through observations.
In this paper, we study the formation process of MSSs in GCs. In order to describe the orbital decay of massive stars, we used a semi-analytical treatment of the dynamical friction process recently developed by Arca-Sedda & Capuzzo-Dolcetta (2014a) . The aim is to investigate how the properties of the host cluster affect the main properties of the newly born MSS. In order to do this, we studied mass segregation in 168 models of GCs with different total masses, density distributions, initial mass functions (IMFs) and metallicities.
Our results suggest that the kind of stars which populate the MSS depends on the IMF and metallicity of the host cluster, while the spatial distribution of the stars and stellar evolution affect significantly the MSS mass. Furthermore, we developed relations connecting the MSS mass with the total mass of the host cluster, showing that the best agreement with observations is achieved for power-law IMFs.
To follow in detail the MSS formation process, we performed direct N -body simulations of two clusters with masses above 10 5 M⊙. We found that the time-scale needed to assembly a MSS, as well as the MSS mass and size, well agrees with our semi-analytical results.
The paper is organised as follows: in Section 2 the methodology used to derive MSS masses is introduced and discussed, in Section 3 we investigate the properties of MSSs and provide scaling relations connecting the mass of MSSs and the host cluster, in Section 4 we discuss the direct Nbody simulations performed whereas in Section 5 we draw the conclusions of this work.
NUMERICAL METHOD
The main aim of this paper is to investigate the properties and the amount of mass accumulated in the innermost region of clusters in form of mass segregated stars. As database to compare with our results, we used observational data provided by Lanzoni et al. (2013) ). We will discuss the implications of different observational mass estimates on our results in the next section. Table 1 summarizes the main properties of the observed GCs.
It should be stressed here that the observed mass excess is ascribed to a central IMBH candidate, in LU13. On the other hand, as we will show in the next section, the observed mass excess may be attributed to a MSSs, not necessarily to a central point-like object like an IMBH.
Despite the study of the formation process of IMBHs is beyond the aims of this paper, we would highlight here that MSSs represent the ideal environment in which the runaway collisions phase may start, and hence they represent an upper limit to the total reservoir of matter which can contribute to the formation of an IMBH (Gürkan et al. 2004) .
To reach our goal, we deserve a careful treatment of the df process, which primarily drives heavy stars toward the host cluster centre, and a reliable modelling of the stellar cluster.
In order to provide MSS mass estimates, we sampled several GC models by varying total mass, radius, initial mass function (IMF) and metallicity (Z). In particular, for each model we selected initial position, orbital eccentricity and mass of all the stars.
The availability of all the stellar and orbital properties allowed us to evaluate, at any time, how much stars are orbitally segregated, thus representing the "building blocks" of the MSS.
Dynamical friction
A massive body which travels through a sea of lighter particles suffers a dynamical braking which drags it toward the centre of the host system (Chandrasekhar & von Neumann 1943; Chandrasekhar 1943a,b) .
Such braking mechanism, called dynamical friction, arise directly from two-body encounters, and therefore, for its nature, it plays a significant role in shaping the evolution of astrophysical systems on very different scales (Bekenstein 1973; Tremaine 1976; Capuzzo-Dolcetta 1993; Milosavljević & Merritt 2001; Gualandris & Merritt 2008; Antonini 2013; Arca-Sedda & Capuzzo-Dolcetta 2014b) . In a pioneriing paper, Chandrasekhar (1943a) provided the timescale needed to a body of mass m * , starting at position r * with velocity v * to reach the innermost region of its host system (Binney & Tremaine 2008 
10
8 M⊙ m * ,
(1) where, for star clusters, the usual Coulomb logarithm is assumed logΛ ∼ 10.
Many works improved the Chandrasekhar's work, providing df treatments for axisymmetric and triaxial systems (Binney 1977; Ostriker et al. 1989; Pesce et al. 1992) , or to systems with cusped density profiles (Merritt et al. 2006; Vicari et al. 2007; Antonini & Merritt 2012; Arca-Sedda & Capuzzo-Dolcetta 2014a) .
In particular, Arca-Sedda & Capuzzo-Dolcetta (2014a) developed a reliable treatment of df particularly well suited to describe the motion of massive bodies in both cusped and cored density profiles. Furthermore, they provided an useful formula for the df time-scale, recently updated in ArcaSedda et al. (2015) : 3 , m * is the mass of the travelling body and r * its initial apocenter. Moreover, e identifies the initial eccentricity of the star orbit, defined as:
where rp is the pericentral distance from the cluster centre. The function g(e), instead, links e and the slope of the density profile, γ, through the relation:
with a1 = 2.63 ± 0.17, a2 = 2.26 ± 0.08 and a3 = 0.9 ± 0.1. Applying Equation 2 to a massive star (m * ∼ 25 M⊙) which moves on a circular orbit with radius r * = 5 pc in a GC (MGC ∼ 10 6 M⊙, rGC = 1 pc) modeled with a γ = 0 profile we obtain:
Hence, in such a case, a population of heavy stars may sink to the centre of the host GC in few Gyr, leading to a significant accumulation of mass in its innermost region.
Sampling method
To provide reliable estimates of how many stars have sunk to the cluster centre in a given time, we deserve a detailed model of the host cluster.
In this work, we selected isolated cluster models with masses in the range 10 3 − 3 × 10 6 M⊙, which differ each one in spatial distribution, IMF and metallicity. Furthermore, we included the SSE package (Hurley et al. 2000) in our statistical code, in order to take in account stellar evolution, which causes stellar mass loss and may change the df time. In the following, we discuss in detail the properties of our GC models.
Spatial distribution
Stars in each cluster are sampled in the 3D space according either to a uniform spatial distribution, or to a cored γ-profile (γ = 0) (Dehnen 1993) . We sampled the position of each star by inverting the cumulative distribution, i.e. the mass spatial profile, of the host system. Furthermore, we assigned the orbital eccentricity, e, to each star in the range e = 0 (circular orbits) and e = 1 (pure radial orbits) according to a flat distribution. We verified that different sampling methods for e do not affect significantly the global results, unless all the stars of the cluster move on only circular, or radial, orbits. Column 1: name of the model. Column 2: IMF used to sample masses of the stars. Column 3: spatial density profile of the stars. Column 4: metallicity of the cluster. Column 5: masses of the cluster models.
Initial mass function and metallicity of the cluster
To highlight how the IMF affects the formation process of a MSS, we assigned a mass to each star in the range 0.1 and 100 M⊙ according to either a flat IMF, a Salpeter IMF (Salpeter 1955) or a Kroupa IMF (Kroupa 2001) . Moreover, to highlight the effects of different metallicities (Z) on the formation of a MSS, we assigned to stars either a solar metallicity Z = 0.02, or the typical metallicity of old globular clusters, Z = 0.0004.
At the end, we gathered a total sample of 168 models, whose main parameters are summarized in Table  2 . Moreover, we made 100 realisations of each cluster, in order to filter out statistic fluctuations.
We grouped clusters having different masses but the same global properties, labelling them with the letter A or B and a number between 1 and 6. Letter A refers to models with solar metallicity, whereas letter B indicates metal-poor models. The number, instead, depends on the kind of IMF and the spatial distribution of the stars. Each number represents a combination of IMF and spatial distribution that characterises the model. For instance, number 1 refers to models with a Kroupa IMF and a uniform spatial distribution.
As pointed out above, we selected three IMFs: flat (denoted with letter F in Table 2 ), Kroupa (K) and Salpeter (S). The spatial distributions considered, instead, are uniform (U) or cored γ-distribution (D). Furthermore, mass loss process can alter the decay process, leading to a significant increase of the df time, at least for more massive stars, that can lose more than 50% of their initial mass in few Myr as consequence of stellar evolution. In particular, it is worth nothing that stars with masses above 30 M⊙ lose most of their initial mass in ∼ 10 Myr, leading to a significant decrease of the df efficiency well before they reach the cluster centre. Indeed, inverting Equation 2 it is possible to evaluate where a star should be initially located to reach the innermost region of the host within a given time t:
Evaluation of MSS masses and sizes
where
Considering a star with m * = 30 M⊙ moving in a typical GCs with MGC = 10 6 M⊙, rGC = 1 pc and γ = 0, we found that, to reach the GC centre within 10 Myr, it should be initially located at r(t, m * ) ≃ 0.6 pc.
Hence, we evaluated the df times accounting for stellar evolution in the following way. We divided the time t in subintervals δti equally spaced such that i δti = t, keeping each interval small enough to follow in detail the evolution of the star mass as function of time, i.e. δti ∼ 1 Myr. For each δti, we evaluated the mass of the star through the SSE package, m * i, and the df time related to such a mass, τ df,i , through Equation 2.
We defined as global df time for each star, an averaged value weighted with the actual star mass:
evaluating the MSS mass at any given time, t, as the sum of the masses of those stars with t df < t.
Furthermore, this method allows to provide hints on the size of the MSS. Indeed, as pointed out by several authors (Kalnajs 1972; Read et al. 2006; Gualandris & Merritt 2008; Antonini & Merritt 2012; Arca-Sedda & Capuzzo-Dolcetta 2014a) , df stops when the star orbits, with mass m * , approach a radius which encloses an amount of the cluster mass roughly equal to m * . This critical radius is commonly called "stalling radius", rMSS. Within rMSS, the motion of the star is mainly dominated by random encounters, while the df action becomes negligible. Since the greater the star mass the greater the stalling radius, we can define as MSS size the rMSS of the most massive star (M = 100 M⊙).
For a γ-profile, whose radial mass distribution is given by:
this "stalling radius" can be obtained by inverting the latter equation, leading to:
with M = (m * /MGC ) 1/(3−γ) . For an uniform distribution, instead, it easy to find:
being RGC the total radius of the cluster.
In Figure 1 is shown the size of MSSs as function of the GC mass for different values of the cluster scale radius, rGC , in the case of a γ density profile and in the case of an uniform density profile.
The expected size of MSSs is smaller for heavier clusters, reaching values below 0.1 pc for MGC > 10 6 M⊙. It is worth noting that such length scale is comparable to the dimensions of the region which should host putative IMBHs or dark remnants clusters in observed GCs (van der Marel & Anderson 2010; Haggard et al. 2013; Lanzoni et al. 2013) .
As the stars orbits shrink to the cluster centre, the MSS mass grows until it reaches a saturation value. The time at which the saturation value is achieved gives an upper limit of the relaxation time of the system (Binney & Tremaine 2008; Hénon 1960; .
Despite our methodology is substantially blind to the subsequent evolution of the MSS, we examine in the following, for the sake of completeness, two possible MSS fates even discussing their implications on our results:
• heavy stars accumulate into the cluster centre in a time much shorter than the stellar mass loss time-scale. In this case, the contraction of the MSS drives the inner region of the cluster toward core collapse, thus facilitating a runaway collision phase (Portegies Zwart et al. 1999; Portegies Zwart & McMillan 2002; Portegies Zwart et al. 2004; Lützgendorf et al. 2015) , even boosted by binaries formed during the collapse process (Portegies Zwart et al. 1999; Portegies Zwart & McMillan 2002; Gaburov et al. 2008) and by primordial binaries (Portegies Zwart & McMillan 2007) , which leads to the formation of an IMBH (Portegies Zwart et al. 1999 Zwart et al. , 2004 Gürkan et al. 2004 ). In such scenario, the MSS represents the total reservoir of mass available in form of stars to build-up the IMBH. As we will show below, it is interesting noting that our MSS mass estimates are really close to the expeceted IMBH masses obtained in the framework of runaway collisions scenario;
• stellar mass loss occurs over a time comparable to the MSS formation. In this case, the formation of binaries and multiple systems within the MSS halts efficiently the contraction process, thus quenching stellar collisions (Angeletti & Giannone 1977; Chernoff & Weinberg 1990; Portegies Zwart & McMillan 2007; Vesperini et al. 2009; Lamers et al. 2013; Mapelli & Bressan 2013; Fujii & Portegies Zwart 2014) . Moreover, the inner region of the cluster in this case undergoes a series of contraction and reexpansions called gravothermal oscillations (Bettwieser & Sugimoto 1984; Cohn et al. 1989; Makino 1996) which drives an expansion of the MSS by a factor up to ∼ 2.5 (Trani et al. 2014) . In this case, our MSS mass estimates represent quite well the expected mass of such small cores.
RESULTS
In this section we discuss the results obtained through the approach described above. In particular, we describe here the stellar content of the newly born MSSs, providing also correlations that link the masses of MSSs and of the host clusters.
Properties of MSSs
In order to reduce the number of significant figures, we use here as reference cases models A2 and B2, in order to highlight the differences arising from the choice of different metallicities, and models A1 and A2, to highlight, instead, the effects connected to different spatial distributions of the host cluster. As pointed out in the previous sections, we would demonstrate here that the mass excess formed in the centre of GCs, is likely due to the accumulation of orbitally segregated stars, not necessarily to an IMBH. Figure 2 shows the number of orbitally segregated stars, NMSS, as function of time for reference models listed above and for different GC total masses.
The growth process is characterised by two distinct phases: one more rapid, lasting up to 0.1 − 0.5 Gyr, in which stars with nearly radial orbits or with small apocentres, segregate fastly to the center, and a second, slower phase, in which the main contribution to the growth is given by stars which moves on a more peripheral region of the cluster, and reach occasionally the GC centre.
However, since stars lose mass during their evolution, the parameter NMSS cannot provide informations about the MSS mass. Therefore, we show in Figure 3 , the total amount of mass accumulated within the cluster centre in form of orbitally segregated stars for models A1, A2 and B2. Looking at the figure, three different phases are clear: the deposited mass initially increase, until it reaches a maximum value, then the mass accumulation process undergoes a rapid decrease phase which last 2 − 3 Myr and finally it smoothly rises toward a saturation value. The first phase corresponds to the decay of the most massive stars located in an inner region of the GC, which have the smaller df times. Then, the mass decrease during the second, fast, phase, as a consequence of mass loss by segregated stars. Finally, the last stage is likely due to the deposit of stars moving in a peripheral region of the GC.
Comparing the MSS mass growth for model A1 and A2 in the case of MGC = 10 6 M⊙, it is evident that the deposited mass in model A2 is initially greater than in model A1. This is due to the fact that the A2 density profile is more concentrated, thus implying smaller orbits for the stars, and therefore smaller df times. On the other hand, over a time 2 Gyr, the deposited mass reach comparable values both in model A1 and A2. This is mainly due to the fact that the density profile of model A2 scales as ρ(r) ∝ (r + rGC) −4 and, therefore, stars with initial apocenter r ≫ rGC travel in a low dense environment in which df action is highly suppressed leading to df times which may exceed several Gyr. On the other hand, since model A1 has a uniform density profile, stars moving on further orbits may reach the GC centre since df acts efficiently also on larger scales compared to model A2, leading the deposited mass to saturates over larger timescales.
Comparing models A2 and B2, instead, we found that the MSS mass evolution is very similar. In particular, in model B2 the mass of the MSS reaches a saturation value greater than in model A2. This is due to the fact that stars with low values of Z and masses above 10 M⊙ lose less mass than stars with solar metallicities. In particular, the final mass reached by stars with Z = 0.0004 is 15% greater than the value obtained for stars with Z = 0.02, and such a difference may be even greater depending on the kind of stellar evolution recipes considered, as pointed out by several authors (Brocato et al. 1999; Mapelli & Bressan 2013; Ziosi et al. 2014) .
We can also provide hints about the stellar content of the MSSs, looking at which kind of stars likely form them. In particular, Figure 4 compares the fractional number of decayed stars as function of the stellar type between model A2 and A1, and model A2 and B2, respectively, for a cluster with mass MGC = 10 6 M⊙ and an age t = 6 Gyr. Stellar types are defined as in Hurley et al. (2000) , and are listed in Table 3 . Evolution phases (see also Hurley et al. (2000) Column 1: reference number used in Hurley et al. (2000) . Column 2: abbreviation. Column 3: stellar evolution phase.
The comparison between models with different metallicities (A2 and B2) highlights that a cluster with lower values of Z will host a MSS likely dominated by BHs, which are more than 60% of the total number of orbitally segregated stars, while neutron stars (NSs) seem to be the most common stars in a MSS of a cluster with solar metallicity. Furthermore, also the spatial distribution of stars seems to be important in determining the stellar composition of the MSS. Indeed, the fraction of BHs and NSs is smaller in models with an uniform spatial distribution (A1) with respect to the models with a γ density profile (A2). Moreover, we found that in model A1 also a population of low main sequence stars (MSl), initially placed close to the centre of the host GC, can contribute significantly to the total MSS mass.
Using Equation 2, we can also provide some hints about the global time evolution of the stellar distribution of the stars in the cluster. In particular, the position, r, of a star at a given time t can be obtained by solving the equation:
whose explicit solution is given by:
Hence, Equation 12 can be used to investigate how the spatial distribution of the most massive stars evolve. Figure 5 shows the fractional number of MS stars, WDs, NSs and BHs as a function of the radial distance to the cluster centre, at two different times t = 0.06 − 1.9 Gyr and in the case of a cluster with an initial mass MGC = 10 6 M⊙, for models A1, A2 and B2.
In model A1, the distribution of MSs stars remains almost unaltered, while NSs and BHs seem to concentrate in an inner region of the cluster. In particular, the population of BHs should be contained within a region which extends up to ≃ 5 pc. The number of WDs increases significantly, while their distribution is quite flat up to ≃ 9 pc.
Considering a γ density distribution (model A2), we found that NSs should move in the inner RNS = 5 pc from Figure 5 . Spatial distribution of stars of different types at t = 0.06 Gyr (straight lines) and t = 1.9 Gyr (dotted line), for a cluster with total mass M GC = 10 6 M ⊙ . From top to bottom, panels refer to model A1, A2 and B2, respectively.
the cluster centre, while BHs should populate a region even smaller, RBH ∼ 1.5 pc. Finally, the distribution of BHs and NSs in low-metal model (B2) is quite similar to model A2, but in this case BHs and NSs are distributed on a larger region, being RNS = 7 pc and RBH ∼ 2 pc, respectively. It is interesting to underline that in models characterised by flat density profiles, the distribution of the stars evolve toward a nearly-flat shape, following the global density profile. On the other hand, in models with a γ density profile, the spatial distribution of stars has a power-law form, whose inner slope tends to rise in time. Hence, the initial distribution of stars within the host cluster leaves a signature on the final distribution of those stars that have reached their last stage of evolution (WDs, NSs and BHs).
Scaling relations
In this section we draw scaling relation connecting the MSS mass and the host GC mass. As pointed out above, we use as term of comparison the database collected in LU13, which provides estimates for the mass enclosed in the innermost region of 14 GCs.
It should be stressed that, in LU13, the central mass excess is ascribed to an IMBH.
Figures 6 and 7 show the MSS mass versus the initial mass of the host GC for all the models considered. Comparing our results with observed estimates, it is clear a remarkably good agreement in the case of models characterised by a Kroupa and Salpeter IMFs (A1-A4 and B1-B4). On the other hand, models with a flat IMF produce severe underestimates of the MSSs masses, although the number of heavy stars in this models is clearly much higher than in other models. This is due to the fact that, for a flat IMF, m ≃ 50 M⊙ in our models. As we pointed out in Section 2.3, only stars with m 30 m suffer significantly the df, and, therefore, in models characterised by a flat IMF the main contribution to the formation of a MSS is only given by the most massive stars which move in the innermost region of the cluster.
Furthermore, it is worth noting that different values of Z produce small differences in the correlations. In particular, we found that models with low metallicity produces MSSs with masses 5% greater than that obtained for models with solar metallicities.
For all the models, we found the following power-law best-fitting formula:
where the slope, a, and the offset, b, of the correlation are computed by means of a Marquardt-Levenberg non-linear regression algorithm (see Table 4 ). Such a relation can be compared with previous theoretical works. For instance, using Monte Carlo simulations of several cluster models, Gürkan et al. (2004) showed that the shrinking core composed of heavy stars has a mass linked to the cluster mass by the relation:
in quite good agreement with our estimates both for solar and low metallicities. Moreover, Portegies Zwart & McMillan (2002) found that the maximum mass of an IMBH formed through runaway collisions in a GC with a mass above 10 6 M⊙ is given by:
The similarity between our MSS mass estimates and Equation 15 is related to the fact that MSSs represent the best place in which collisions among stars can occur, since the runaway collisions phase seems to begin when the first, massive star reach the centre of the host cluster. Hence, in the framework of the runaway collisions scenario, a MSS represents the reservoir of stars which can contribute to the assembly of an IMBH.
Comparing our scaling relation with the data presented in LU13 makes evident that such results pretty agree with observations. In particular, LU13 found the following bestfitting relation:
which completely agrees with our scaling relations.
On the other hand, some estimates contained in the LU13 dataset seem to be at odd with other works. For instance, van der Marel & Anderson (2010) and Haggard et al. (2013) showed that the mass deposited in the very inner region of the ω Centauri cluster should be in the range 1.2 − 1.8 × 10 4 M⊙, less than a half with respect to the value suggested by LU13. In this case, using the treatment described above and considering a model B2 (charaterised by low metallicity, Kroupa IMF and γ density profile), for a cluster mass close to the ω Centauri mass (see Table 1 ), we found MMSS ≃ 1.4 ± 0.5 × 10 4 M⊙, in quite good agreement with the estimates provided by van der Marel & Anderson (2010) and Haggard et al. (2013) .
Another interesting case is the cluster NGC6388, for which Lanzoni et al. (2013) suggested a central mass value of 2×10 3 M⊙. Even in this case, using the correlation provided above, we find MMSS ≃ (6±3)×10 3 M⊙, a value quite close to the observed data.
Therefore, the correlations drawn here are in overall agreement with the one developed by LU13, but allow to estimate the central MSS with a higher precision, thus allowing a direct comparison with the observational estimates of van der Marel & Anderson (2010) and Haggard et al. (2013) for the cluster ω Cen and of Lanzoni et al. (2013) for NGC6388, respectively. Column 1: . Column 2: IMF used to sample the mass of each star: Salpeter (S) or Kroupa (K) mass function. Column 3: slope of the density profile. Column 4: scale radius of the model in pc.
Column 5: mass of the cluster for rcut → ∞. Column 6: mass of the cluster actually sampled. Column 7: number of particles.
N -BODY MODELLING OF A STELLAR CLUSTER: IMF, MASS SEGREGATION AND MSS EARLY FORMATION
In order to support the statistical results presented in Section 3, we ran two direct N -body simulations using more than 2 × 10 5 particles, aiming to follow the early formation phase of a MSS in two massive GCs, with masses above ∼ 10 5 M⊙. In the framework of direct N -body simulations, these are among the first modelling of stellar clusters characterised by a broad IMF with a number of particles exceedings 10 5 . In the following, we will refer to the simulations as NB1 and NB2.
To model each cluster, we used a truncated density profile given by:
GC ] is the scale density, M∞ the mass of the model when r approaches to ∞, rGC its scale radius, and rcut the truncation radius. It should be noted that in the case rcut ≫ rGC , this density profile equals the γ density profiles (Dehnen 1993) used above. We used rcut = 10 pc and γ = 0, leading to a total mass of the system labelled with MGC .
In simulation NB1, we modeled the GC using N = 262k stars whose masses were assigned in the range 0.1 − 100 M⊙ according to a Salpeter mass function, leading to a total mass of the cluster MGC = 9 × 10 4 M⊙. The GC model in simulation NB2, instead, is composed of N = 524k particles. In this case, star masses were assigned accordingly to a Kroupa mass function, implying a total mass of the model MGC = 3.3 × 10 5 M⊙. The global quantities used to model the clusters are summarized in Table 5 .
To perform the simulations, we used the HiGPUs code (Capuzzo-Dolcetta et al. 2013), a direct N -body integrator which fully exploits the advantages arising from parallel computing. HiGPUs allows very fast integration keeping a very high level of precision but, on the other hand, it does not implement any treatment of binary formation and close encounters and hence, it does not allow to follow the longterm evolution of the system. Moreover, the current version of HiGPUs does not contain any recipes to account for stellar evolution.
We set as gravitational softening ǫ = 0.05 pc, thus allowing a reliable description of the evolution of the system as long as ǫ is sufficiently smaller than the mean inter-particle distance, λ, defined as (Gilbert 1968; Boily et al. 1999; Nelson & Tremaine 1999 ):
with F ∼ 0.9 and n the numerical density given by the stars which move in the innermost region of the cluster. A good estimate of λ is provided by the lagrangian radius which contains the 0.1% of the total GC mass. Hence, in the following we will use this typical radius to check whether our results provide a proper description of the dynamical evolution of the system.
Results of the N -body simulations
Direct N -body simulations are powerful tools to follow the mass segregation of stars in stellar clusters, since in this case the orbital decay of heavy stars comes out naturally as consequence of two-body interactions.
A detailed analysis of the trajectories of all the stars within the clusters allowed us to evaluate the df time-scale, t df NB , in models NB1, which we compared with t df estimates obtained through Equation 2.
In particular, in Figure 8 is shown the relative error ǫt df = 1 − t df /t df NB , as a function of the stellar mass. Our semi-analytical treatment allows to predict a decay time with a percentual error < 20% for the 83% of the stars contained within the MSS. Therefore, Equation 2 provides reliable df times which can be used to find suitable sets of initial conditions for the cluster after the completion of the mass segregation process, thus allowing to avoid to simulate directly the initial evolution of the cluster, which may require several weeks of simulation in the case of a cluster with a mass above 10 5 M⊙.
As the mass segregation proceeds, heavy stars concentrate toward the innermost region of the host cluster, leading to a progressive increase of the density, which in turn enhances the probability to have close encounters among stars.
In HiGPUs, gravitational encounters are smoothed through the gravitational softening ǫ. Hence, we stopped our simulations when the lagrangian radius which contains 0.1% of the total mass of the cluster became comparable to ǫ, in order to reproduce in the most reliable way the early evolution of the host nucleus. Figure 9 , which shows the evolution of lagrangian radii in the two simulations, makes evident that the time over which the innermost region of the cluster model reaches a size comparable to the softening is t ≃ 100 Myr in simulation NB1 and t 200 Myr in simulation NB2.
Formation of a MSS in configuration NB1
Model NB1 contains a population of 68 stars with masses above 30 M⊙, for a total mass of 3163 M⊙. The orbital decay of the heaviest stars leads to the formation of a dense sub-system, MSS, with a half-mass radius of r50 = 0.06 pc, which extends up to 0.1 pc.
It is relevant to note that such a MSS does not host stars lighter than 30 M⊙. This is made clear by Figure 10 , that shows the fraction of stars with masses smaller than 30 M⊙ travelling within the MSS as function of time.
It is evident that such a fraction decreases rapidly both in simulations NB1 and NB2, leading to the formation of a MSS composed of stars with masses above 30 M⊙, over a time-scale t ∼ 20 Myr in model NB1.
During the MSS assembly, heavy stars transfer energy to lighter particles, which move outward, leading the total energy of the MSS to decrease reaching negative values over a time t ∼ 65 Myr. During this process, the MSS contracts continuously, the most massive stars form the innermost core of the MSS while lighter stars move outward. Due to this, the long-term evolution of the MSS depend only on the gravitational encounters among the most massive stars, which may halt the MSS contraction through the formation of binary systems and close encounters.
On the other hand, it has been widely shown that close encounters and binaries should not affect significantly the global properties of the MSS (Heggie & Giersz 2014; Fregeau et al. 2006 ). In particular, Morscher et al. (2015) showed that strong interactions among binaries and single stars should not alter significantly the global properties of the MSS.
The energy provided by the binary hardening leads the cluster to expand by a factor of ∼ 2 − 2.5, depending on the metallicity of the host (Trani et al. 2014) . Using Equations 9 and 10, and accounting for such expansion driven by strong gravitational interactions, we found that in a typical GC with a mass ∼ 10 6 M⊙ and scale radius rGC ≃ 0.5 pc, the radius which encloses the MSS should be ∼ 0.1 pc, a value which still agrees with the observed lenght scales of the region that should enclose putative IMBHs or groups of dark remnants in GCs (van der Marel & Anderson 2010; Haggard et al. 2013; Lanzoni et al. 2013) .
Taking advantage of the SSE package, we evaluated the MSS mass after that its stars had lost their mass as consequence of stellar evolution. For a value of the metallic- ity Z = 0.0004, we obtained MMSS ≃ 600 M⊙, in good agreement with the correlation drawn in Section 3.2, which predict a mass ≃ 520 ± 50 M⊙.
The formation of a MSS can also be argued by looking at the evolution of the global structure of the host. For instance, Figure 11 shows the cumulative mass profile of the system at different times. It is quite evident the formation of a mass excess which extends up to 0.1 pc, containing ∼ 10 3 M⊙. Furthermore, the segregation leads to a further concentration of the cluster, dominated by the MSS formation, which is shown in Figure 12 . As consequence, the density profile shows a small core extending up to 0.05 pc, and a steep decrease ∝ r −3.2 . Mass segregation also affects the 3D velocity profile of the system, as shown in Figure 13 , driving a steep rise which is comparable to some observed velocity profiles (Emsellem et al. 1994; Cappellari 2002; Baumgardt et al. 2003 Baumgardt et al. , 2004 Kamann et al. 2014 ).
Formation of a MSS in model NB2
In configuration NB2 the population of stars heavier than 30 M⊙ has an initial mass of M = 2.7 × 10 4 M⊙ and is composed of 561 particles.
In this case, mass segregation process is slower than in model NB1, as expected by Equation 2 (see Figure 9) . Furthermore, it should be noted that the stellar mass loss time- scale in model NB2 is smaller than the segregation timescale. Due to this, stars will reach the GC centre after they have lost most of their initial mass and, therefore, the subsequent evolution of the MSS will be substantially dominated by binary formation and close encounters.
The concentration of the stars leads to a MSS with halfmass radius 0.1 pc, slightly larger than in the case NB1. It is worth noting that, even in this case, the MSS size estimates provided in Section 3.1 are comparable to the size achieved through the N -body representation. Heavy stars decaying toward the GC centre transfer energy to the lighter stars, leading them to move outward and leaving the most massive stars to dominate the innermost region of the cluster. This is highlighted in Figure 10 , which shows the fraction of stars with masses below 30 M⊙ moving within the radius enclosing the whole population of heavy stars.
As in model NB1, such a fraction approaches a value close to 0 within the simulated time, leaving a MSS composed only by the most massive stars.
Assuming a metallicity Z = 0.0004, we evaluated the total mass of the MSS accounting for stellar mass loss. We found MMSS ≃ 1960 M⊙, a value 7% smaller than the value estimated through the scaling relations provided above.
Again, the global structure of the GC changes during the MSS formation. This is made evident by Figures 14, 15 and 16, which show the cumulative mass, density and velocity dispersion profile of the cluster in configuration NB2.
In particular, both the density and the velocity dispersion profiles show the presence of a core, whose extension (∼ 0.1 pc) is close to the observed cores extensions of GCs with masses ∼ 5 × 10 5 M⊙ (Baumgardt et al. 2003; Kamann et al. 2014) .
DISCUSSION AND CONCLUSIONS
In this paper, we investigated the early formation of massive, dense sub-systems (MSSs) in the centre of GCs, as consequence of orbital decay of heavy stars. By means of a statistical, semi-analytical method and through direct N -body simulations, we showed that the most massive stars segregate to the centre of the host system, leading to the formation of a dense sub-system, as expected by earlier works. Using stellar evolution recipes provided by Hurley et al. (2000) , we investigated the effect of different metallicities, IMFs and density distributions on the formation of the MSSs.
Despite the methodology used here do not account for binary and multiple systems formation, which may alter significantly the dynamics of stars in the cluster, it should noted that only hard binaries composed by compact objects (stellar BHs or NSs) may inject enough energy to halt the contraction (Chernoff & Huang 1996; Heggie 1975; Fregeau et al. 2006) . Moreover, recent works showed that the formation of binary should not deplete the population of compact stars within the cluster centre (Mackey et al. 2008; Heggie & Giersz 2014; Morscher et al. 2015) . Hence, the formation of binaries within the cluster centre should not affect significanlty our estimates of MSS masses and size, which represent reliable upper limits to the observed mass excesses, despite the simplicity of our approach.
In the following, we summarize our main results:
• using semi-analytical and statistical methods, we investigated the formation of MSSs in 168 GC models characterised by different masses, density profiles, IMFs and metallicities, using a reliable description of the dynamical friction process, aiming to understand which effects the host cluster properties have on the MSS masses and sizes;
• we showed that the MSS mass growth process is characterised by three phases: the first, rapid, phase is related to the decay of the heavy stars located in the innermost region of the cluster, during the second, instead, the MSS decrease due to the stellar mass-loss, finally, the orbital decay of stars moving on further orbits leads the MSS mass to increase smoothly toward a saturation value;
• considering clusters with a Dehnen density profile and a solar metallicity, we found that the MSS will likely contain much more NSs and BHs than in clusters characterised by a flat density distribution, where a significant fraction of main sequence stars is also present. Furthermore, in lowmetal models we found that MSSs are mainly composed of BHs, while in solar-metallicity clusters NSs seem to be the dominant component in the MSS population;
• our semi-analytical method allowed us to study the evolution in time of the spatial distribution of stars. In particular, we showed that the population of BHs and NSs should lie in a region extending up to 1.5 pc and 5 pc, respectively, in systems with cored density distributions and solar metallicity, while in low-metal clusters and in models having a flat density distribution such populations are less concentrated;
• we provided correlations between the mass of the MSS with the host cluster mass, which agree pretty well with previous observed and theoretical scaling relations. Furthermore, applying our relation to clusters ω Cen and NGC6388, we found a MSS mass very close to the observed mass excess in these systems. It is worth noting that the agreement found between the scaling relation provided here and the one obtained for IMBHs formed in a runaway fashion seems to suggest that MSS can represent the ideal environment in which IMBH formation can take place, unless other physical processes act against it;
• we performed two direct N -body simulations of two clusters with masses above 10 5 M⊙, showing that mass segregation occurs over a time-scale in good agreement with our semi-analytical estimates;
• as the segregation proceeds, the accumulation of stars in the innermost region of the galaxy leads to the formation of a small system only composed of high-mass stars whose total mass is comparable with our semi-analytical estimations;
• we showed in both the simulations that the formation of the MSS leads to evident changes in the global structure of the cluster. In particular, the density and velocity dispersion profiles are characterised by a steep rise toward the innermost region whose extension is comparable with that of the observed mass excesses and with our semi-analytical estimates of MSS sizes.
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